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VERTEX OPERATORS FOR
TWISTED QUANTUM AFFINE ALGEBRAS

NAIHUAN JING AND KAILASH C. MISRA

ABSTRACT. We construct explicitly the g-vertex operators (intertwining oper-

ators) for the level one modules V(A;) of the classical quantum affine algebras
of twisted types using interacting bosons, where ¢ = 0,1 for Aéill (n > 3),
i = 0 for Dflg), it = 0,n for Dgll (n > 2), and i = n for Aéi) (n>1). A

perfect crystal graph for DEIS) is constructed as a by-product.

1. INTRODUCTION

In a major step toward understanding g-conformal field theory [5], Frenkel and
Reshetikhin introduced the ¢-Knizhnik-Zamoldchikov equation associated with the
quantum affine algebras. The main theoretical tool they used was that of certain
intertwining operators called g-vertex operators between two types of representa-
tions of quantum affine algebras. They showed that the matrix coefficients of these
vertex operators will give the solutions of the ¢-KZ equations.

On the other hand, in a series of works by the Kyoto School and their collabora-
tors elsewhere (cf. the monograph [13] for details) we see that the very same vertex
operators take the role of corner transfer matrices in vertex models in statistical
mechanics. The subsequent analysis enabled them to provide rigorous mathemat-
ical theory to explain the appearance of Baxter’s method of the corner transfer
matrix. The space of physical states is understood as a tensor product of highest
weight representations of quantum affine algebras [1]. In level one case since the
explicit realization of the underlying quantum affine algebra [4] is available, the
method works particularly well. For instance, one feature of their work is that
the correlation functions can be computed in an explicit form using the bosonic
realizations of the g-vertex operators [7].

The program of understanding various vertex models relies upon the explicit
knowledge of the ¢-vertex operators associated with quantum affine algebras. So far
the explicit realization of level one g-vertex operators is carried out for the quantum
affine algebras in the cases of A} [7, 14], DY [12] and BV [13]. The level two

cases of Agl) were treated in [6] and, as special cases of our general construction,
in [13] . Some other cases for reducible modules are also given in [16, 18].

Received by the editors August 30, 1996 and, in revised form, March 11, 1997.

1991 Mathematics Subject Classification. Primary 17B37, 17B67; Secondary 82B23, 81R10,
81R50.

Key words and phrases. Quantum affine algebras, g-vertex operators.

The first author is supported in part by NSA grants MDA 904-94-H-2061 and MDA 904-96-1-
0087. The second author is supported in part by NSA grant MDA 904-96-1-0013.

©1999 American Mathematical Society

1663



1664 NAIHUAN JING AND KAILASH C. MISRA

In this paper we will give explicit construction of level one g-vertex operators for
twisted quantum affine algebras of types Agi)_l, Dfﬁzl , Agi) (including A§2)) and
Df). Our work is based on the explicit realization of level one twisted quantum
affine algebras given first in [9] for Ag. We generalize the realization to other level
one irreducible modules in Section 3.

In section 2 we will review some preliminary results about quantum affine alge-
bras and the Drinfeld realization written in a modified form [11]. Based on [11] we
calculate the special level zero finite dimensional representations for twisted quan-
tum affine algebras. We then recall the level one realization of twisted quantum
affine algebras [9] and in particular we extend the construction to all other level one
modules by the coset method. In the final section we give the explicit construction
of the level one g-vertex operators for classical twisted quantum affine algebras.

In the previous construction of g-vertex operators, the finite dimensional level
zero representations are exactly coming from the crystal graphs of the quantum
affine algebras. We found that this is no longer true for the twisted cases. In
the case of Df) we constructed an 8-dimensional representation and its associated
perfect crystal graph (cf. (2.11)). As far as we know, this is the first perfect crystal
structure for Df).

Another novelty is that the ¢-Heisenburg subalgebra in the Drinfeld generators
of the level zero modules is no longer diagonalizable. This is due to the fact that the
underlying vector space representation may admit a special 1-dimensional subspace,

which is used in the perfect crystal graphs for types D,(f_i)_l, Aéi) and Df) (cf. Section
2).

2. TWISTED QUANTUM AFFINE ALGEBRAS Uq(X](\;))

Let g be the finite dimensional simple Lie algebra sl(2n) (n > 3) , so(2n + 2)
(n>2),sl(2n+1) (n > 1) or so(8). We associate an integer r to the four cases as
follows: r = 2,2,2, 3 respectively. We denote the Dynkin diagram by I" and label
their simple roots and coroots as

o, aly, R By
where N = 2n — 1,n+ 1, 2n, 4, respectively, o; € h’* and h’ = Ch} & --- & Chly is
the Cartan subalgebra of g. We denote their Chevalley generators by

e fLl, =1, N
The root and weight lattices are then defined by

Q' = Zaj+--+Zdy,

P = ZXN 4+ +ZX\y
where A; are the fundamental weights of the Lie algebra g: A(h}) = d;5,4,j =
" .\.7\./e7 Jl\efzt (.|-) be the nondegenerate invariant bilinear form on g normalized by
(aa) =2, ie., (zly) = tr(zy), 3tr(zy), tr(zy), 1tr(zy) respectively. Then (hf|h}) =

2 for ¢ = 1,--- ,N. Since the Lie algebra g is simply-laced, we can identify the
invariant form on h’* to that of h'.
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Let o be a diagram automorphism of order » = 2,3 for the Lie algebra g such
that

o(hi) =hy_ir1,i=1,--- N, for type Agn_1 or Agp;
o(h})=hji=1,---,n—1=N -2, o(h},) = h,,,, for type Dy y1;
(B, By, By, By) = (W, By, By, B;) for type DY
Then the Lie algebra is decomposed as a Z/rZ-graded Lie algebra:
E8=80D - Dgr—1,

where g; = {z € glo(z) = wz} and w = e*V=1/". The Dynkin diagram T
decomposes itself into o-orbits: I' = 'y U --- UT'._1. It is well-known that the
subalgebra g is the simple Lie algebra of types C,,, B,,, B, and G5 respectively.

The twisted affine Lie algebras are realized as a subalgebra of the central exten-
sion of the loop algebra:

g(o) :Zgi mod r ®t' @ Ced Cd,

K2

where c is the central element, d is the degree element, and the Lie bracket is given
by
[r@ty@t] = [eyl @ + ~6i—j(zly)e
The twisted affine Lie algebra g(o) is also generated by the Chevalley generators
e, =E; @t fi=F,@t™% h=H®1 —i—raé_lc, fori=0,1,---,n,

where a, = ag = 1 unless g = sl(2n + 1) in which a, = a,, = 2. (We remark that

our choice of Aéi) differs from Kac’s convention in [14].) The elements E;, F;, H;
(i=0,1,--- ,n) are defined as follows:

E; =¢;, F; = fi,h; = hl, if o(i) = 3;
1 r—1 r—1 lr—l
fr— / . — / . P ! . o y Yo
Ei==2 epy Fi=) foiw Hi= ) W, ifoli) #i;
j=0 7=0 7=0

1 1
En = 5(6{/7, + efn-l—l)aFn = (.f»,/y, + f:1+1),Hn = §(h{n + h;l-‘rl) for A2n,7" _ 2’

r—1 r—1 el
1 : : 1
Lo = s ij.f/—o'j(eo)aFO = —ijegj((;O),HO = Zh/—aﬂ'(eﬂ)a
Jj=0 j=0 =0
except for As,,r =2;
1 1
FEy = —fl_907F0 = _6/907H0 = __hI007 for Aoy, 7 = 2;
r r

o 4 Fady, g, for Agp_q,r=2;
ay +---+al, for Dypyi,r=2;

o) + -+ ay,, for Ay, r=2;

oy +ab + af, for Dy,r =3.

60 =

The above Chevalley generators give a realization of the twisted affine Kac-
Moody algebra g(A) associated to the affine Cartan matrices [14] A = (4;5),4,j €
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I=1{0,1,- ,n}:
gn 1= Z Z iit1 + Eiv1,i) — Eo2 — Eog — En_1n,
—0 -1

7(124)_1 = 22 Z 3,9+1 + Ez-i—l z) Eo — Enm—la

n —1

Z Eiiv1+Eiz1,) — Eio— (14 0n,1)Enn—1,
i=0 :0

2 2
DY = Z Z ii+1 + Bip1) — 2Ena,
—0 —0

where the F;;’s are the unit matrices in Z(n+Dx(n+1) T the following we will not
explicitly list the case A§2) unless needed. Moreover we define

§ ads (i)
s=0

where p; = 1 if (i) # i and p; = r if (i) = i, and extend it to the weight lattice.
It is necessary to normalize the invariant form on gy by

(2.1) (o, ) = (alB)/r

We define the affine root lattice of g to be

pz

Q a0@®zan7
A;

where a; € h*, and (o, hj) =
lattice P is defined to be

jir (@i, d) = 6i0,7=0,1,---,n. The affine weight

P=ZA® - & ZA, & Zs,

where A;(h;) = 0i5,Ai(d) = 0, and §(h;) = 0,6(d) = 1 for j € I. The dual affine
weight lattice is then defined as

=Zho ®Zhy ® - ® Zh, ® Zd.

The symmetric bilinear form ( | )/r on h’* induces the normalized symmetric
form on h* denoted by ( | ) (cf. (2.1)) satisfying

(2.2) (ailay) = diasj, (0]ey) = (8]0) =0 for all 4,5 € I,

where (dy, - ,d,) = (1,---,1,2), (1,2,---,2,1), (2,1,--- ,1,1/2), and (1,1, 3), for
Agi)_l, fo_zl, Aéi) and Df) respectively.
Let ¢ = ¢% = ¢q2(®il®) § € I. The quantum affine algebra Uq(X](\;’)) is the

associative algebra with 1 over C(q'/?) generated by the elements e;, f; (i € I) and
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¢" (h € PY) with the following relations:

qhqh/ _ qh+h’ for h, h/ c 1,—f)v7 qO — 17
¢"eiq™" = q*We;, ¢"figT" =q W fi for he PV (i € 1),

ti—t! . e
(2.3) eifj — fiei = 0yj———L, where t; = ¢ = 2@l and i j € I,
Z (—l)mez(-m)ejel(»n) =0, and

m+k:1—ai]~

Z (_1)mfi(m)fjfi(n) =0 fori#j,

m+n=1—a;;

k_ gk
where e®) = ek /[k),1, £ = fR/[KLY, [l =TI, (K], and [k); = =% For
q; — g;
simplicity we will write [k]; = [k] for ¢; = ¢. The derived subalgebra generated by
e, fi, ti (i € I) is denoted by U(;(X](\;)).
The algebra Uq(X](\?)) has a Hopf algebra structure with comultiplication A,
counit €, and antipode S defined by

) = ¢"®q¢" forhe PV,

) = e®1+t®ey,

) = fiot7t+1ef foriel,
(24) e(¢") = 1 forhe P,

) = e(fs)=0 foriel,

) = ¢ " forhe PV,

) = —t;'ei, S(fi)=—fit: foriel

Let V, W be two Uy(X ](\;))—modules. The tensor product V ® W is defined as the

Uq(XJ(\;))—module via the coproduct A. The (restricted) dual Uq(XJ(\;))—module 1%
is defined by

for x € Uy(g), u € V, and v* € V*.

We now recall Drinfeld’s realization of the quantum affine algebra Uq(X](\f)) (and
of U, (X ](\;))) [3, 11]. We will present a slightly different form [11] to avoid the h-adic
completion.

k —k

Let w be a primitive rth root. We write [k]; = % and a;; = o if j belongs to
the o-orbit of 4, then [k]; or «; is defined for all j = 117 -+« N though we frequently
use only [k]; for i € {0} UT, = {0,1,--- ,n} and «;.

Definition 2.1. [3, 11] Let U be the associative algebra with 1 over C(q'/?) gen-
erated by the elements x5 (k), a;(1), v='/2, ¢*¢ (i=1,2,--- ,N,k € Z,1 € Z\ {0})
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and K (i €T, = {1,2,...,n}) with the following defining relations:
xit(i)(k) = wFaF(k), o) (1) = wla(l),

VY2 u] =0 for alluEU
’0 d — Tk
as(k). 0 —moz om0/l ar* =27

qj — 4,

[ai(k), K] = [qidaKfl] =0,
jE(k)q_d = ¢ "z (),
q az(l)q =q aZ(l)
wE (K = 1)z (b),

<« [k(atlo® (o)) /dil;
k

oI (1 ),

r—1 5(731' sl el ek
25) [,y ) = X T (Y k4 ) = F D))

s=0 qi

where ;(m) and ;(—m) (m € Zxg) are defined by

> hi(m)z™™ = Kjexp <(Qi —q )Y ai(k)z_k> ;
m=0

k=1
> ei(=m)z" = K lexp <_(Qi -4 ) Z“i(_k)zk> )
m=0 k=1
2
Symzl,ZZ ij 21,2’2 Z |: :| , :Eli(zl) .. xli(zs)
5=0 g™

( ) (Zs-i—l) ( ) =0, for Aij = —1,U(i) 75 7
Symzl,z2,Z3 |:(q:F3r/4zl r/4 +q r/4)z + q:t3r/42,3) (21)$i(22)13i (23):|
= 0, for Ai,o‘(i) =-1

where Sym means the symmetrization over z;, Pg(z,w) and d;; are defined as
follows:

If o(i) =4, then Pf;(z,w) =1and d;j; =r.

quzl:2r —w"
2qF2 —

If A; 5y =0 and o(j) # j, then P (z,w) =1 and dij = 1/2.

If Aia”(i) = _17 then Pz:]t(zv ’U}) = Zqir/2 + w and d” = ’f'/4

If A; 5y =0 and o(j) = j, then Pii»(z, w) = and d;; = r.
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We denote by U’ the subalgebra of U generated by the elements zi(k), a;(1),
Kiilv ,.y:l:l/Q (Z = 1727"' anvk € Zvl € Z\{O})
We also need the following explicit isomorphism between the two definitions.

Proposition 2.1. [3, 11] The C(q'/?)-algebra isomorphism ¥ : Uq(XJ(\;)) — U is
given by
ei— a7 (0), firax;(0), ti— K; ifo(i)#i,
1
e;— a7 (0), fi— ;x;(o), ti— K; if o(i) =1,

to— Ky, gt g,

o [$ (O)a :Zj_(l)]q*1 o ']q*l]qu]qfl o ']q’lKe_lv

’ Q’l]lf2]q’1 o ']q*la for Aéi)_ﬂ
(2.6) e+ 2_"_1[x1_ (0), -+ [z, (0
for (“1)" 12K 2 (0), -+ [ad (0, 2 (—1)]g2 g2, for D)y
(

eo = [2]72"F2[27 (0), - &

8
N
—

o
=

8
=
—

—
N
<

|

-
<

|

-
=
Q

|

-
Q

|

-
=
|

—

~Dlg-1 gt hlg-t - Jg-ih, for AL
eo — [17(0),27 ()], Ky ", for> —q  Kolaf (0),af (—1)]g, for A
co = 3107 (0), o7 (0), 27 (D]l + K5

fo = ¢* Kol (0), [#3(0), 2 (=1)]g-s]g-1, for DY,

where [x,yl, = xy — vyx and 0 is the mazimal oot in the sense that 6 = 0+ ag (in
our convention,):

K (Kz ce Kn—l)ZKm for Agz)—lﬂ

K- Ky, for Dflla

Ko = 5 3 4@
(Ky---Kp)?%, for As) AS”
K\ K2, for D).

The restriction of ¥ to Uq(XJ(\;)) defines an isomorphism of Uq(X](\;’)) and U'.

Through the isomorphism of Proposition 2.1 the coproduct will be carried over
to the Drinfeld realization.

Theorem 2.2. Let k € Z>o, | € N, and let Ni (resp. N° ) be the subalgebra of U
generated by the elements a:;'; (—=mq) -~ -x;t(—ms) (resp. w; (m1)---x; (ms)) with
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m; € Z>g. Then the comultiplication A of the algebra U has the following form:

Az (k) = 2 (k) @ 7" + K, @ 2} (k)
k—1
+3 -7 T k= ) ©*af (7)) (mod N-© N2),
j=0
Alzf (=) = zf(-)oy '+ K '@af(-)

-1
3 T el i) @y e (<)) (mod No @ N2),
Jj=1

Ay (1) = oy ()©Ki+~ @ ()

-1 -

+Y A () @77 il = 4) (mod N2 ® Ny),
j=1

Ay (—k) = a; (=) @y K+ " @x; (—k)

k—1 4 L

+Y AR (=) @47 wi(i — k) (mod N2 @ Ny),
7=0

A(ai(l)) = ail)®7° +7% @a;(l) (mod N_® N,),
Alai(=1) = a(-)®~ % +7 2 ®ai(=1) (mod N_® N,).

In the above formulas, we only take the nonzero generators: = (k) = a;(k) = 0 if
o(1) =1 and k # 0 mod r. Moreover the same formulas are true for the derived
subalgebra U’.

Proof. The proof is an induction on degrees similar to simply-laced types [12]. The
formulas of A(xzi (0)) are clearly valid as given by the isomorphism in Proposition
2.1 and the coproduct (2.4). To get the formulas for degree £1 elements we use the

inverse isomorphism U~!: For a sequence i = iy, g, ,%,t_q, We have
(2 7) \I/_l(zz—'i_(_l)) = Con5t'ti21[fi2vtis [1fi37"'tihfi[fihfute_lfO] ]]a
\Ij_l(xi (1)) = const- ti2 [ei27ti3 [ei37 o 'tih,l [eihfueot@] o ]]

Applying A it follows that
T @y '+ K '@af(—1) (mod N_® N?),

A(;vj(—l)) = I
Alz; (1)) = z;(1)®K;+v®z; (1) (mod N2 ® Ny).
Using the relations
[ (0),2; (V)] = piles — g )7 20(1) = piy P KGas (1),
[ (=1),2;70)] = —pilas — ¢ )7 P0i(=1) = pir 2K ai(-1),
where p; = 1 for o(i) # i and p; = r for o(i) = i, we obtain
Ala;(1)) = a;(1)®7"? +9¥?®a;(1) (mod N_® Ny),
A(a;(-1)) = ai(-1) @772+ Y2ga;(~1) (mod N_® N,).

Based on these two formulas and the Drinfeld relations it is easy to see by induction
that the formulas of A(zF (k)) are valid. Subsequently the formulas for A(a;(k))
follow from the formulas for A(¢;(k)) and A(e;(k)), which proves the theorem. O
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We now turn to some special finite dimensional representations V(X](\?)) of
U;(XJ(\:)) arising from the level one perfect crystal graphs. We list the represen-

tations case by case. Note that in the case of Df) the representation graph is
different from its crystal one.

For Agi)_l,

V= (@C(CIW)W> ® (@C(qlﬂ)yz—) :
i=1 i=1
The action is given by

ei = B+ By fi= B+ B
ti 4(Eii + B r) + 4 (Big + Bivvien) + 215001 Eigs

(2 8) fn = Eﬁma €n = Emﬁa
' tn = GnEnn+ qglEﬁﬁ + Zj;én,ﬁ Ejj,
fo = B+ Eg3, eo=Ep+ By,

to = q(Brg+EBx)+q (Big+ E22) + 32,540 Ejjs

where ¢ = 1,2,--+ ,;n—1, (dy, -+ ,dy)
Eijvk :5jk'Ui-

For fo_zl,

(1,---,1,2), and E;; € End(V) so that

V= (é’% C(q1/2)vi> @ (é’% C(q1/2)v;> .

The action is given by

ei = Eiin1+Ezz; fi=FEiti + B
ti = @(Ba+ Errmn) + 4 (B4 Bivin) + 2 15051 Biss
(2 9) €n - [2]En0 + EOﬁa fn == [2]EHO + EOm
th = @CEwm+q  Ean+ 32,0 Eijs
€0 = [2]EE+E617 fO = [2]E15+Eﬁa
to = ¢*Fr+q2En +2> 011 Eijs
where (do, -+ ,dn) = (1,2,---,2,1).
For Agi),

V= <@ C(ql/z)vi> ¥ C(ql/z)vo ® (@ C(ql/Q)Ul__> '

The action is given by

e, = Ei,i—i—l + Ei-i-_l,% fi = Ei+17i + EZ71'.|-_17

ti = qi(EBiu+ Egg) + qi_l(EH + Eiv1,i11) + 217071 Eigo
(2.10) en = [22]nEnO + f?om fn = [2]nEmo + Eon,

tn = GuBun+ 0 Enm+ 3 nm B

eo = FEr, fo= B,

to = qo(Brp) + a5 (Bi) + X501 Eijs

where (do,dl, cee ,dn) = (2, 1,' < ,1,1/2) If n= 1, then (do,dl) = (4, 1)
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For Df) ,

The action is given by

er = FEia+ Ey7+ Egz + [2]Eso + Egp,
fl FEo1 + ET,? + Fo3 + [2]1E§0 + E§,67

t1 = q(Eu+ Esz) + ¢ (B + Ea2) + ¢°Ess + ¢ ? Esz + Eoo + Eqg,
(211) @ = Ess + Egg,  f2= 57132 + FEagz,

t2 = @B+ Ez3) +ay (Bss + Ex) + 30101 Eijs

eo = [2]Bg+ Egy + B3 + Egz + Ex,

fo = [RIEg+ Egi + Egz + Egs + Eno,

to = ¢ '(Es+ Bss) + (g + Egg) + ¢~ B + ¢* Ery + Eoo + Eqo,

where (do, d1,d2) = (1,1, 3). Note that the associated crystal with the last matrices
of ey, fi1, e, fo removed is a perfect crystal for Df). The perfect crystal structure
(see [15]) is more than we will need in what follows.

Since V is a finite dimensional vector space over C(¢/?), it does not admit a

Uq(XJ(\:))—module structure. However we can define a Uq(XJ(\:))—module structure on

the affinization or evaluation module of V. The affinization of V' is the Uq(X](\;))—
module V, =V ® C(¢"/?)[z, 2~ '] with the following action:

ei(v®2™) = ewemT filvez™) = fw @m0,
(2.12) tilv@z™) = tive",

Po®zm) = ¢"ve ™,
fOI‘i:O’:[’...’n,mez’,UEV'

The evaluation module V, is a level zero U, (X ](\1;))—]fnodule7 i.e., v acts as identity
(= ¢°). Through the isomorphism ¥ [11] the evaluation module is also a U-module.
The action of the Drinfeld generators is given by the following result.

Theorem 2.3. The Drinfeld generators act on the evaluation module V. as follows.
(2)
For V(A3,_1).

i (k) (@' 2) " Eiip1 + (—¢*" 1 2) By,
(k) = (¢ B+ (—¢*" " 2) B,
zr(2k) = (¢"2)*E,m,
Ty, (Zk) = 2(qnz)2kEn n
Ui
ai(l) = %((qzz)l(q lEi,i - qlEi+1,i+l)
" +(—=¢*" " )¢ By i — 4 Eq)),
an(2l) = E (qnz)Zl (q_mEn,n - quEﬁ,ﬁ)u

where i = 1,2,--- ,n—1, k € Z, and |l € Z\ {0}, x5 (m) = a,(m) = 0 for m odd,
and ¢, = ¢°.
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For V(D?)),
i (2k) = (=g 2 (g TRE i+ PR B ),
(El_(2k) _ 2( )kn 2k( —2(n— z)kE+1Z+q2(n l)kEEH-_l)
ai(2l) _ %(_ )anQZ(q—Q(n—z+1)l » _q—2(n—z 11 Ei+1,i+1
+q (n_i_l)lEi-i-_li-i-_l _ q2(n—i+l)lE; {)7
ay(2k) = (—q )k” Qk([Q]EnO + Eo ),
v, (2k) = (=¢*)™ (fl? + [21E7,0),
w) = (-2, ,
—2¢* Enm+ (¢ — ¢*")(Eo, — F575)),
vy (2k+1) = (—q2)k”22k+1((—qz)”E@ﬁ - [21E,, 5),
oy (2k+1) = (=) (2B — (—¢%)" Ep ),
4l + 2
wm@+1) = (a2 B A g o gy ),

an (1)

where i =1,2,---
For V(D{Y),

20+1

n—1,keZ andl e Z\ {0}, zF(m) = a;(m) = 0 for m odd,

(a'2)" (Biip1 + (=g > 2) B ),
= ()F(Bipri + (=2 2) B ),
l _
= %( D¢ Eii — ¢'Eiy1i1
+(q2n_21+12)l(q_lEi+—1,i+—1 _ qlEfj))v
= (¢"2)"((—9)*Eom + [2]nEn).
= ([ "2)F(Eon + (—)* 2] Emo),

O, n _ _
= ] (") (¢ Epnm — ¢ Foo + (—9)' (¢ ' Foo — ¢' Enm)),

7n_17'l€ez7 andlez\{o}) qoqu; qlzqandqu:ql/2

= (¢'2)°*(Brz + ¢"* Esy + ¢%" Bz + ¢° E3 + ¢ [2] E30),
_ (q )3k+1 (El + q12k+4E + q6k+2( )EOB
q6k+5E__ (q +q )E—— 6k+3E30)
- e Fed g,
+q"" T Egg + ¢"" Egg + ¢ Esp),
= (¢'2)°*(Ear + ¢"F B + QGkEﬁkﬂL ¢ (2] B + ¢°F Eoz),
- (qZZ)gkﬁJ’];—l‘r(lE2l * q162:—‘1--i_54E1E " qﬁﬁk—‘:jEﬁ
E +4q E— — E03
= (¢ Z)3k+2(E n q12k+8E 6k+2(q )+ ¢ 2)Ess
_q6k+5E_ _ q6 +7E_ 4 q6k+4(q _ 1)E03)
= (¢ )Sk(E23 + ¢ Bgz),
= 3(=1)*(¢%2)*"(Es2 + ¢°* Bg3),
_ [ ](CIZ) ( —BlEll _ q15lEﬁ_ q3lE22 +q9lEﬁ+ 2q3lE33

3l
+(¢* — ¢"") Eoo + (¢* — ¢°") Egp),
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[3k + 1] e
TR (qz)3k+l(q 3k 1E11 _ qlE’)k+5Eﬁ

P By + qgk+3Eﬂ
+q9k+3Eg _

a1 (3/€ + 1)

3, -3
qa‘k+lE33 4 qq +q71 (L]

Bkl | g—3k—1)
_(q3k+1 4 g3k-1 q6k+5E60 + (q9k+5 4 g3k

+(_q9k+5

PR q9k+3)E_)

aiq (3]€ + 2)

[3k + 2]

3k +2

( Z)3k+2( —3k— 2E

15k+10E

6k+1
q +E06

q3k+1 )EOO

— 2 gy + 6 B

3

+q9k+6E§ _

(g8
(]2

3k+2 3+
q +E33_q q

L :1 (q3k+2 +q—3k—2)q6k+3E06
_|_(q3k+2 4 q—Sk—Z)q6k+7E60 + (q9k+6 + q9k+8 _

q3k+4)EOO

¢+ PR Ep),

Z)Bl(q—3lE22 _ qSlE33 + qﬁl(q

3 By — ¢*' B)),

a2(3l) = T(q2
where k € Z, and 1 € Z\ {0}, qo = q1 = q and g2 = ¢°.

Proof. The theorem is proved by induction using the isomorphism of two definitions.
Note that the formulas of degree zero hold by the definitions (2.8), (2.9), (2.10),
and (2.11). Now using (2.7) we can get degree one relations, then higher degree
relations follow using Drinfeld relations. |

Theorem 2.4. The Drinfeld generators act on the dual evaluation module V} =
V* @ C(qY?)[z,271] as follows.
For V(Aén) 1)

a (k) (—q )((q )R Bl + (—q_r‘"f*Z Y Ef 1))
x; (k) (a2 Ef g + (—a7 2" 2) By ),
l N *
a;(l) = %((q 2)'(q lEH—l it+1 —q'E};)
g (B, — ¢ Bry ),
ay(2k) = (=a7 ) (@ "2) B,
T (2k) = 2(=*)((¢"2)* B,
Un, _p —2l x
an(2l) = %(q D (™ B~ '),
where i =1,2,--- ;n—1,k €Z, andl € Z\ {0}, and zX(2k +1) = a,(2k + 1) = 0.

For V(D,),
$+ (2]{}) _ _q—Q(_q2)—anQk(q2(n—i)kE;¢+1)i + q—2(n 1)kE* )

A 7,5+1
xz— (2k) _ —2q2(—qz)_lmz%(q2("_i)kE;i+1 + q—2(n z)kEH__lZ)
[l]l —In n—i— n—1 *
a;(20) = T(_q2) : ZQl( A 1)lEz+1 i+1 q2( +1)lEi,i
+ q—2(n—i+1)lE€5 _ —Z(n i— 1)lEz+—1 1-}-—1)
ab (2k) = (—¢*) "M (210 ES 4+ B
2, (2k) = (=¢*) 2P E o + [2]Eg ),
21
an2) = () B g2y 2 B,
+(@7 =) (B — Ep))s
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2y (2k +1) = (=¢*) T2 (=) B g — 210 B,
z, (2k+1) = (=¢*) "N 2IES L - (=) T EL ),
—nl 2141 [4l+2]

an(2l+1) = —=(—¢%)~ ST

(B o+ (—) "),

where i = 1,2,--- n—1,k€Z, andl € Z\ {0}, 25 (m) = a;(m) = 0 for m odd,
and q; = ¢>.
For V(Aéi))

zF (k) = —q N g ) (Bl + (—q 22 ) B ),

z; (k) = _Q(q_iz)k(Ei*,i+1 + (_q_2n+2i+1z)kEf+1j )

ai(l) = T((q Z)l(q lEi*+l,i+1 —qlE;')
+ (q—2n+2i—1z)l(q—lEv%s,E _ q :c+1 H_l))
o (k) == g ") (—) " Er o+ a7 210 ),
x, (k) = —qlqg™"2)" (qEp o + (=) " [2In Eg ),
2l n —-n — * *
an(l) = %(q g Eso— 4By,

+(—q) ¢ "Btz — d'Eoyp)),

where i =1,2,--- . n—1,k€Z, andl € Z\ {0}, o = ¢*, ¢; = q and q, = ¢*/>.
For V(D{),

zf 3k) = (=g~ ")(q"2)*" (B3, + ¢ By +
+ 6" By + ¢ By + 0 21E),
of Bk +1) = (=¢ )(a'2)" (B + ¢ B
+ ¢ 2 (2 — 1) B, — OBy,
= NP+ D ES, — M ES),
r7(3k+2) = (—¢ ) (¢'2)%F (B3, + q12k+8Eir_2 . q6k+7E§0 I q6k+8E§_0
+ % By + " EG),
zy (3k) = (—q)(¢'2)** (Ef, + ¢"* B
P Bt R+ B
27 Bk +1) = (=q)(¢'2)* T (Efy + ¢ By + ¢ P B
_ GkE*_ 4 q6k+6E*_ ),
xy Bk +2) = (—q)(¢" Z)3k+2(E12 + q12k+8E%
_ q6k+1(q +q )E— N q6k+4E*_
_ q6k+8E* T q6k+5( _1)E),
23 (3k) = (=g *)(¢*2) (B3, + ¢° Bgg),
x5 (3k) = 3(=¢°)(—=1)"(¢*2)* (B33 + ¢** Ez),
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3, _ N " _
a1(3l):%(q Y=g EY + g 15lE T1T4q R

_ q—9lE=2k_2 _ 2q—3lE§3
(@ =By — (™ — a7 Egp),
(3% + 1]
3k+1
—9k—3 x
—q B —
_PHe”
qg+q!
+ (q—Bk—l + q3k+1)q_6k_5E35
— (g% 4 g 3k3 g 3k—1y
_ (_q—Qk—E’) _ q—Bk—B + q_gk_S)ES_O)’
[3% + 2]
3k+2
+ q—:‘]k—QEvQK2 _ q_gk_GE;_Q _ q—gk—GE;_g

a (3k + 1) — (q_lz)3k+1(—q3k+1ET1 + q—15k—5E;<_1+ q—3k—1E§2

—9k—3 px —3k—1 px*
q Eﬁ_q Es;

—3k—1 3k+1\ —6k—1 %
+q ) Eﬁo

(q q

a (3k’ + 2) — ( —1Z)3k+2( 3k+2Eik1 + q—15k—10Er_1

—-q

sheoe L P skio | 3kioy _6k_3 g
+q B+ —+(q +¢"")q E3,

a+q!
(q 3k—2 3k+2)q_6k_7E§6
(q—gk 6 —9k—8 _ q_3k_4)E§0
—9k— —3k— —3k—
(g )

[z, _ . | Sl e 3l
az(3l) = T(q 2 )Bl( 3lE22+q 3lE33_‘1 6l(q3lEﬁ+q 3lEﬁ))'

Proof. Recall that the dual module W* of a module W is defined by

fora € Uy(X T)) u* € W* and v € W. Explicitly we have the following description
of the dual modules. We only write down the matrices for the generators. The
underlying space is the standard dual vector space V* spanned by v}, ¢ runs through
the index set of various space V. We also use E; € End(V*) so that Ef;vi = 0,07 .

For Agi)_l,

The action is given by

€; —q 1(Ez+lz +EZ Z+1) fi = ( iyi+1 +EZ+1 z)
L _1(E* +El+1 1+1) +q(E +Ez+1 z+1) +Zg;ﬁ1 z+111+1E
fn = _qnlEr*an €n = — E;;na
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(213) t'l’b = qglE;ﬁln + ani n Z j]?
Jj#ENT
0 = - *(E*— FER). fo= —a(Ey + B,
to = ¢ (Bg+Ejp) +alBi, + B+ ) B
3,0#1,2
where i =1,2,--- ,n—1, (do, - ,d,) = (1,---,1,2).
For D?
n+1>
e = 2_2(E7ik+1 % Ez*l-i-—l)’ 2fi = _q2( 7,141 + El_;,_]_ 1)
o= B By ) + GG+ Bl + 2 s By
(214) €n = ([Q]EOJZ + qQE:L 0) fn = _q2(q_2[2]E87ﬁ + E:L7O)’
tn = q_2Er*m+q2E* +Z J#EN,T jj7
o = —(20 2B+ Fry) oo g, )
to = ¢ PE5+q (Ell + a1 E5)
where (do, -+ ,dn) = (1,2,---,2,1).
For Agi,
€ = _q_l(Ez*+1 it Ez*z-l-_l)’ fl = _q( 4,041 + Ez-i—l z)
—1 * * * *
ti = (B + By ) Ha(B + B i) + i Bl
en = q (2 ] Eon+qE* 0); fn = —q(q 2 E§m + By o),
n 2 + Z];én n JJ’
€ = _q_ El 1T fO —q El 1’
to = q 1E11 +qET + Eﬁél T
where (do,dy, -+ ,dp) = (2,1,---,1,1/2).
For D(3)
o D By a0 DI )
fi = —a(Bis+ By + 4By +q- BhEl + 0 By,
t1 = q_l(Ell + E5) +q(Bs + Ezz) +q 2E33 + q2E§—3 + Ego + Eg5e
(2.16) 2 = (—q a )(E32+E* ) f2 (—a°)(E35 + E33),
t2 = q~ (Ezz + E—) +¢* (B33 + E;“g) +2- 071,0,T E5;,
o = (—q12)(q” [2]E* +qE5+ B+ EL + ¢ EY),
fo = (=a¢z7H(a” [2]E01+9E10+E +E* +q7'Egy),
to = C1(Ez2 + E33) +q_1(E;—2+E§—3)+q2ET1 + 4B + Eg + B,

where (d(), dl, d2) = (1, 1, 3)

In the above formulas, ¢ = 1,2, --- ,n—1. They show that the Drinfeld generators
of degree zero elements do act on V* as given in the theorem. The higher degree
generators are obtained by inductions using Drinfeld relations by the same argument
as in Theorem 2.3. O

3. LEVEL ONE REALIZATIONS OF Uq(X](\’,”))

In this section we recall the construction of level one twisted quantum affine
algebras given in [9]. The level one integrable modules are V(Ag), V(A1) for Agi)_l;
V(Ao), V(A,) for D) V(A,) for AY): and V(Ag) for D).

Let Q" be the root lattice of the simply-laced finite dlmensional Lie algebra of
types Asn—1, Dpi1, Aon, Dy. We shall use the same convention or notation as in
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section 1. The diagram automorphism o decomposes Q' = Zaj @ -+ @ Za/y into
orbits: Q' = Q{ @ Q) - ® Q)._,. We shall also use @ to denote the fixed-point
sublattice Q). We extend the action of o to the weight lattice P’ = ZX | &- - -®ZN);
accordingly, we have P’ = P& ---& P/_,. Likewise we identify P with Pj. Clearly
P and @ are the weight and root lattices of the root system of types C,,, B,, 2B,
and G2 respectively.

Using the same notation as in section 1, the virtual finite dimensional funda-
mental weights are given by

(M + A1) = (@) + -+ + aby_q)
=20+ +20p-1 + 0, for Agi)_l,
(A1 +Ay) = (a7 +--+ahy,)
A= =200 + -+ 20y, for A,
L M=ol 4t + 5]+ app)
=a1+- -+ ap, for Dfll,
(AL + A5 +A3) = 2(a) + of + afy) + 3a5
= 2a1 + 3, for Df)’
n

= a1 +2a+--+n—Da, + gan, for Dfﬁl.

Note that Ag or A,, (for Agi)) is the basic level one weight.
Let wp = (—1)"w. There exists a unique central extension

1—><w0>—>QI;>Q/—>1

of Q' by the cyclic group {(wp) with the commutator map C' defined below:

aba"'v™' = C(a,b) for a,b € Q'
_ H (_ws)(z’z|o-35>'
SEZ/rZ

We remark that the commutator map C' has the following properties:
Cla"+ 9" = C(@,7)C(B,Y),
Cla,f' +9") =C(, 8)C(a', ),
Cld,a) =1,
Clod,08) =C(d, 3),
for o, 3,7 € Q. Also C(«/,3) = C(B',a’)~L.
The automorphism o can be lifted to an automorphism & of the extension Q' of
Q' such that

(3.1) (6a)" = oa, forallaeq’,
(3.2) fa = a whenever ca = a.
Let o/ — eq be a section of Q' such that eg = 1. Thus €al, 1 = 1,...,(, are

generators of C[Q)].
We consider the complementary subspace

QL:{aeQ’Ha,ai}:O, i€l =(1-0)Q
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using the diagram automorphism o. By QJ- we mean the pullback of Q-+ to Q' .
Notice that on @+ we have Cqu (a, 8) = w(E "B Using (3.1) we see that there

exists a unique character 7 : Q+ — C* such that
T(wo) = wo, T(ada ) =w XD/ for g e Q'
We form the induced Q’-module
C{Q} = C[Q] ®cig:) C-

where C; is the 1-dimensional Q+-module afforded by the character 7. The use of
the notation is justified by the vector space isomorphism V ~ C[Q’/Q7] induced
from the natural projection from Q' to Qf = Q.

On C{Q} the action of Q' and Q = {a € Q' | o(a) = o} are as follows:
a-bt = ab®t, a,beQ, teT,
a-bet = (abb®t, a € Q.
We define 2*(9) (o € Q') as an operator on V' via
220 pot =Nt

and the operator w™® on U by w®©® . h @t = w(®p @ ¢.
We have as operators on V'

Zoz(O)a — aza(0)+<a7d>’
wa(O)a — au)oz(O)+<o¢,Zz>7
ba = awEUTd(O)+<a,EUTd>/2'

For a = > m;a} # 0, we define

ea:ezl...ezN’
1 N
where the order is fixed. We then have
(3.3) €albal = w2<a§\08(a§)>7 Yo — (_w)(a’\a’>e e,
Subsequently we have
(3.4) Calp = wii=o <O‘|"S(5)>eﬁea

for any o, 8 € Q'.

Later we want to use freely Q, as fixed point sublattice of ()’, thus we are doing
this not only for @’ but also for Q. For A € P’ we define the vector space C{Q}ex
as a C{Q}-module by formally adjoining the element ey. Then we can define the
operator e* : C{Q} — C{Q}e, naturally.

For a € P define the operator d, on C{Q} or C{Q}e* by

(3.5) Dae® = (a|B)e?

Let U, ( ) be the infinite dimensional Helsenberg algebra generated by a;(k) and
the central element v (k € Z\{0},i=1,---,n) subject to the relations
(3.6) Ao (i) (k) = ai(k)w’“,

67 (k. _5k+loz M 2
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The algebra U, (fl) acts on the space of symmetric algebra Sym(fl;) generated by
a;(—k) (k€ N,i=1,--- ,n) with v = ¢ by the action
ai(—k) — multiplication by a;(—k),
(o @R/l pdt — g d
a;(k) Lok .
ZZ g —aq; ' daj(—k)

s=0 j

For convenience we also identify Sym(h;) with Sym(h~) by modulo the relations

(3.6).
We define
W. = Sym(h, )® C{Q}, for all cases of basic modules,
(3.8) W, = Sym(h, )®C{Q}ey,, for Agl) 1
W, = Sym(fl_) ® C{Qley,, for Dfi)_l,

where € = 0 except for Azn, ¢ = n. Then the algebras U,(h) and the space C[P’]
(of course C[P]) act on the spaces W; canonically by extending their respective
actions component-wise. We also define the degree action by

(39  dfoeres= ij Zg e +Z (il (u))) f g e,

where f ® e“eg = ail(—ml) a;, (—my) ® e*eg € W,;. For convenience we write
Ae = 0.

Proposition 3.1. The space W; (i = €,1,n) is the irreducible representation V (A;)
of the twisted quantum affine algebra Uq(XJ(\;)) under the action

Y=g K‘Hq%a‘*jaaj(k)Haj(k) (1<j<n),

vE() e XEE) = ype(E Z AP eap(F Z A ey
k/d [k/d;);
Xe:l:alzzl:Taai—i-l
where p; = 1 or 1 according to o(i) # i or i, and the degree operator d acts by (3.9).
The highest weight vectors are respectively
[A)=1®ey, ®1, i=¢1,n,
for appropriate cases.

Proof. The detail of the proof is given in [9] for the case of )., and the proof in

the cases of A\; for Agl)_l and A, for Df_zl is exactly the same as that of A¢ by
the standard shift method of the highest weight vectors. The irreducibility is easily
shown by using the theory of the quantum Z-algebra operators given by the first
author [10]. O

4. REALIZATION OF THE LEVEL ONE VERTEX OPERATORS

We first recall the notion of Frenkel-Reshetikhin vertex operators [5]. Let V be a
finite dimensional representation of the derived quantum affine Lie algebra U, ; (X ](\;’))
with the associated affinization space V. (cf. section 2). Let V(\) and V() be two
integrable highest weight irreducible representations of Uy (X (T)) The type I (resp.
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type II) vertex operator is the Uq(X](\f))—intertwining operator: V() — V(u)®V,

(resp. V(\) — V.®&V(p)). For simplicity we will compute the intertwining oper-
ators for the derived subalgebra Ué(X](\;)), which differ only by a power of z from

those for Uq(XJ(\:)). Also we will omit " in the tensor notation.
The existence of vertex operators is given by the fundamental fact [5] (cf. [2])
(true for both types, though stated for type I):

Hom,, (X(”)(V()‘)’ Vip)eV,) ~ {veV|wtlv)=A—pmodd and
q N
(4.1) (o) $1

e; v=0fori=0,---,n},

where the isomorphism is defined by sending an element ® € Homy, (V(A), V(1) ®
V) to an element v € V' such that

®|A\) = |p) @ v + (higher terms in the powers of z).
For the evaluation module V,, we define the components of the vertex operator
V(N — V(u) @ Vs by

n

(42) @) = DO () @ v+ B4 () ® w0 + Y @Y (2)u) © vy,

for |u) € V(X). The components of type I vertex operators are defined similarly.
We also consider the intertwining operators of modules of the following form:
L (2) : VA @V, — V(p) ® Clz, 271
by means of the vertex operators with respect to the dual space V'

(4.3) Oy (2)(Jv) @ vr) = 4 (2)|v)

for [v) € V(\) and i = 1,---,n,0,7,---,1. In other words, the vertex operator
®4Y" (2) can be defined directly as in the case of ®4Y (2).

From the above fact we determine that the level one vertex operators exist only
in the following cases: between V(Ag) and V(A;) for Agi)_l; between V(A;) and
itself, ¢ = 0,n for fo_zl; between V' (A,,) and itself for A between V(Ap) and
itself for Df).

2n)
We take the following normalization.
For Agi)_l,

@kév(2)|A0> |A1) ® vr + higher terms in z,
(4.4) @ﬁ?‘:(z)mﬁ = |Ag) ® v1 + higher terms in z,
' fbﬁév* (2)|[Ao) = |A1) ® vy + higher terms in z,
fbﬁi’v (2)|Aq1) |Ao) ® v + higher terms in 2.

For fo_zl,
@ﬁg‘i(z)m(ﬁ |Ao) ® vy + higher terms in z,
(4.5) @ﬁgv (2)|Ao) = [Ao) ® vg + higher terms in z,
@ﬁzv(2)|An> = |A,) ® vg + higher terms in z,
AV (2)|A) |A,) ® v§ 4 higher terms in z.
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For Agi,
(4.6) CIZA V(z)|An> = |An) ®vo+ hi.gher terms i.n z,
g “(2)|An) = |A,) ® v} + higher terms in z.

For D",
@7) %\ﬁ%/t(z)ﬂ\@ = |Ao) ®vy+ hi.gher terms i'n z,
Q30" (2)[Ao) = [Ao) ® v% + higher terms in z.

Type II vertex operators assume similar normalization.

By the intertwining property it is easy to see the following determination rela-

tions.

Proposition 4.1. The vertex operator ®(z) of type I with respect to V, is deter-
mined by its component ®1(z). With respect to V., the vertex operator ®*(z) of

type I is determined by ®%(z). More explicitly, we have
for Agi)_l,

Pi(z) = [Pis1(2), filg  for i=1,-,n—1,
Pipr(2) = [@3(2), filg  for i=1,- ,n—1,

[fi; ®i(2)]g =0, [fi; @izr(2)]g =0,

[fi,®;(2)] =0,  for j#4i+1,i+1,i,
P, (2) = [Pr(2), fnlges

[fmq)n(z)]zf =0, [fm j( )] =0, j#nnmn
i(2) =[fe, @i (2)]g-+  for i=1,-,n—1,
3 (2) = [fi, Pig(2)] g1 for i=1--- . n—1,
[ ;k-i-l(z)vfi]q*l =0, [ {( )u][Z]q*1 =0,

D5(2) = [fn, 25(2)] g2,

[@7(2), f;] =0, for j#idi+1,i+1,14,

0
[©7,(2); falg== =0, [®5(2), fu] =0, j #n,m,7.

Pi(z) = [Pis1(2), filz  for =1, ,n—1,
Prrr(2) = [@7(2), filz  for i=1,--- ,n—1,
[fi: ®i(2)]g2 =0, [fi, ®i7(2)]2 = 0,
[fi,®;(2)] =0,  for j#ii+1,i+1,i,

P, (2) = [@o(2), fnl,
Do(z) = [2] 7 [Pr(2), fulg2

[fnaq)n(z)]q2 =0, [fnaq)j(z)] =0, j#n,0,m,
D5(z) = 217 2[@1(2), folgz,  Pr(2) = 2[@g(2), fol,

[@1(2), folgz =0, [®;(2), fo] =0, forj#1,0,1;

O7 1(2) = [fi, ®7(2)] 42 for i=1--- n—1,
7 (2) = [fir Piy(2)] g2 for i=1,--- n—1,
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[©741(2), filg-2 =0, [®7(2), filg—2 =0,
O5(2) = [fn, P (2)]g-2,  P5(2) = [2]7"[fu, D5 (2)],
[®7(2), fi] =0 for j#4,i+1,5+1,1,
[fr, @5(2)]g—2 =0, [®}(2), fn] =0, j#n,0,nn,
Oi(2) = [2]7} [fo a2, 95(2) = [ ( 22,
[@7(2), folg-2 =0, [®}(2), fo] =0, forj#1
for AZ)
Pi(z) = [Piy1(2), filg  for i= n—1
Oi7(2) = [®5(2), filq for i=1 n—1
[fi, ®i(2)]lg =0, [fi; Pagr(2)]g =0
[fi,®;(2)] =0, for j#dqi+10i+ 1,0
P (2) = [Po(2), fn]
Do(2) = [2]; ' [®n(2), fulg
[fr, @n(2)]g =0, [fn,®;(2)] =0, j#nmn
1(2) = 2[®1(2), fol g
[fo, P7(2)]2 =0, [fo,®;(2)] =0, j#1,1,
iyi(2) = [fi, @i (2)]g—  for i=1,---,n—1,
3 (2) = [fi, Pig(2)] g1 for i=1,--- n—1,
[@711(2), filg-1 =0, [®7(2), filg-1 =0,
O5(2) = 2, [, ®5(2)],  @5(2) = [funs @5 (2)]g1,

[@%(2), fi] =0, for j#ii+1,i+1,14,
1=0 [*()fn]—O j#n,m,
®7(2) = 2[f = 0,7(2)]y-
2 =0, [®}(2), folg—2 =0, for j#1,1,m,

for Df)

P1(z) = [P2(2), filgs [f1,21(2)]g = 0, [f1,P3(2)]g2 =0
P3(2) = [Po(2), f1], Pg(2) + [2]1Po(2) = [@3(2), filg2
P3(2) = [@1(2), filg, [f1,P2(2)] =0, [f1,P5(2)] =0
Do (2) = [@3(2), falgz, P3(z) = [@3(2), falgs

[f2, @2(2)]gs = 0, [f2, P3(2)]e =0

[f2, ®;(2)] =0, forj=1,0,1,0,

P5(2) = 2[P2(2), folg, Po(z) + [2]P5(2) = 2[P1(2), folg2
P3(2) = 2[P5(2), folq, P1(2) = 2[P5(2), fo]

[fo,<I>j(z)]q=O for j =2,3,

[fo, @1(2)]2 = 0, [fo, Po(2)] = 0;

1683
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5(2) = [f1, 21(2)lg—1, [27(2), filg—2 =0, [®3(2), fig—2 =0
03(2) = [f1, ®5(2)); [21@5(2) = [f1, @5(2)],
07(2) = [f1, 23(2)lg-1, [®3(2), frlg-1 =0,
3(2) = [f2, ©2(2)|g-2, 5(2) = [f2, P3(2)]g-2,
[(I)%(Z)vf2]q*3 =Y [<I>§(z), 2](1*3 =0,

[(I);k(z) fo] -1 _07 forj=2,3,
07(2) = 2[fo, 25(2)], [®7(2), folg—> =
Proposition 4.2.~Let é(z) be a type II vertex operator uiith respect to V,: V(\) —
V. @ V(). Then ®(2) is determined by the component ®1(z), and with respect to

V' the vertex operator ®*(z) is determined by its component ®3(z). More precisely,
with respect to V,, we have

for Aé}l)_l ,

Q;(2) = [Pig1(2),€)g =1, ,n—1,
leis Pit1(2)]q =0, [ei, Pzl =0
lei, ®j(2)] =0 forj#ii+1,i+1,i
Dr(2) = [Pn(2), enlg2,
[en, Pr(2)]2 =0, len,®;(2)] =0 forj#n,m;
@} (2) = ¢’len, 1 (2)]g1 fori=1,-- n—1,
Pr(2) = @’lei, ®2(2)]g—1 fori=1,--+,n—1,

[(I)r(z)vei]q*1 =0, [(I);_l( ) ei]q’l =0,
[@}(2),ei] =0 forj #ii+ 1,1+ 1,4,
(I)*( ) q [em (I)%(Z)]q*%
(@) (2),enlq2 =0, [®5(2),en] =0 for j #£n,0,7.

J

for Df_zl,
Di1(2) = [Pi(2), €2 for i=1,-- ,n—1,
D3 (2) = [Pi71(2), €l for i=1,--- n-1,
[ei, Riv1(2)]gz =0, [ei, P(2)]2 =0
ei, ®;(2)] =0, for j#ii+1i4+1
Pr(z) = [Po(2), €nl,
Do(2) = [2] 71 [@n(2), enlg2,

27 2T @r(2), e0lgz,  Di(2) = 27 [@5(2), e,

(
(
[en, Pr(2)]2 =0, [en, ®i(2)] =0, j#n,0,7,7,
(2) =1
leo, @1(2)]g2 =0, [@;(2),e0) =0, forj+#1,0,1,
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[@;‘(z),en] = 07 .7 # n707ﬁ7ﬁ7
)

q
q
0
q
[@5(2).e51 =0, for j#Fii+1itLi
0,
¢*[2]7 2 eo, ®5(2)],  @5(=
0

len, Pm(2)]q =0, [en,®;(2)] =0, j#n,0,7,7,

®q(2) = z_l[q)T(z),eo]qz,
[807(1)1 Z)]q2 = 07 [607(I)j(z)] = 07 .] 7é 13Ta
‘I’f(z) :q2[ei7q)r+l(z)]q*1 fOT 1=1,--- ,n—1,
@;‘H(z) :qz[ei,szi(z)]qq for i=1,--- n—1,
[@7(2), €i]g-1 =0,  [®ip7(2), e]g-1 =0,
D5 (2) = q2],, ' [en, @5(2)],  P5(2) = qlen, Px(2)]g-1,
[®7(2), 5] =0, for j#ii+1,i+1,4,
[q)rl(z)7 en]q* = 07 [@;(2)7 en] = 07 j 7& naﬁu ﬁ7
D%(2) = q*leo, P} (2)] g2,
[®1(2), €0lq-2 =0, [®](2),e0] =0, forj# 1,1.
for Df),
P2(2) = [P1(2), e1lq, [2]Po(2) + Pg(2) = [P3(2), e1]g2,

[e1, @2(2)]g = 0, [e1, P3(2)]g2 = 0,
[e1, P1(2)]q = 0, [e1, P5(2)] =0
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®1(2) = 27 [®5(2), o], Pa(z) = 27 P3(2), e),
D3(2) = 27 [@5(2), el Pol2) + [2]P5(2) = 271 [@1(2), €02,
leo, ®;(2)]q =0, forj=2,3,
[e0, ®1(2)]g2 = 0, [fo, Po(2)] =
D1 (2) = ¢*ler, ®3(2)]g-1, P5(2) = ¢°[er, P(2)]4-1,
05(2) = ¢°[er, D5(2)]g2, [293(2) = ¢*[er, D5 ()],
03(2) = ¢ler, ®5(2)], [@1(2),e1]g-1 =0,
[@3(2), e1]q—2 = 0, [@3(2), e1]g—1 =0,
03(2) = ¢ e, ®5(2)]g-s, P5(2) = ¢°[ea, @5(2)]g-5.,
[@7(2), e2]4-5 =0, for 7=2,3

D3(2) = 27 '¢%[eo, D3(2)]g-1, P3(2) = 27 ¢ [en, B5(2)]g-1,
D5(2) = z_lqz[eo, D7 (2)]4-2,
2]93(2) = 2 ¢*[eo, D5 (2)],  [®1(2),€0lq2 =0,

Next we determine the relations of vertex operators and Drinfeld generators.

Proposition 4.3. (a) Let ®(z) : V() — V(1) ® V, be a vertex operator of type
I, where (A, ) = (Ao, A1), (A1, Ao), (An, An). Then we have for each j =1,---,n
and k € N

[@1(2), X (w)] = 0,
tr(2)t; = ¢ p(2),
53‘1%(]4”;3]“( 2)kd1(2), for A2n 1
] oG (a), for k =21, DI,
[aj(k)aq)l(z)] - [k] 4nt5p k
1% q ? F(—2) D1(z), for Azn,
15
s g b, for DY
5j1[l%]q_4n2+1k( )—kq) (2), for A2'n, L
0y (k). (z)] = 53,1%(_4 qu @D =22, for k = 2L, Dn+1a
o I g ) e(z), for Ay,
Sl g= 8k =k (2), for A
(b) If ®(2) is a vertex operator of type I associated with V', then
[@1(2), X (w)] = 0,
eI = ¢ ei(a),
L. 2)
a0, B5()] = | SR ei), for A1, A, DY,
S e ()M BBt (2),  for k =21, wa)l,

51 g5k pr(2) for AP AP D(B)
(I‘—k,(I)*Z — Lk 1 ) 2n—1742n >
a5 (~1), 9§ =) { !

z
i (=) 25 (2), for k=21, DY,
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(c) If ®(z) is a vertex operator of type II associated with V,, then

[(I)l( ) 7 ( ) = O,
()t = g7 (2),
_5. ﬂ % k (2) 3)
a; (k). @1(2)] G glat @), o for Ay, Ay D
—0 B (~1)"1gt 2@ (), for k=21 D),

[aj(=k), ®1(2)] =

— 051 [I]i] q_TZ_k(I)l(Z)v Jor Ag?z)—lvAgz)v D(B)
—(5J l L(—1)Mg=322L D, (2), for k=21, Dfl_zl

(d) If ®*(2) is a vertex operator of type II associated with V¥, then

[@1(2), X; (w)] = 0,
t;@(2)t; 1 = q_‘;ﬂqf{(z)
—0j1 g (—2)kdx(2), for AS) .,
ORI I By, ¢ Ve), ork =, D2,
i15q F(=2)F0x(2), for A5,
— 51 Mgtk (2), for DY,
~8j1 E’“lq“‘f’“l( 2);’“;1%(;), for AS) . o
(-0 B3] = { o RO ), fork 221, D
_5j1? (=2) @T(z), fOTA2n7
—5;1 Mgk kg (), for DY,

We introduce the auxiliary element ag(k) € U, ( ~) (k € Z*) such that

[ai(k), az(1)] = i10k,—1;

where k and [ are even integers in the case of Dfll. We determine that

A(Q) ' —k Z q (n—1) k _1)k:q—(n—i)k
2n—1 - nk+ 1) q —nk

1

q+q
————an(k)),
an+q—nk ( ))

n—-1 2(n—i)k+q—2(n—i)k

q
Dfi)_l : at(2k) = frac—k[k]%(z Ty — a;(2k)
i=1 Ty
+ 2 (2k))
an )
Bl + 2%)
_ 7. n=l(2n—2i4+1)k/2 _1)kg—(2n—2i+1)k/2
Aéi)5 aT(k):_lz( ! 2 1k2+( )kq—Z eye @ik
[k] qZntDk/2 4 (—1)kg—(2n+D)k/

i=1
N qk/2+(_1)kq—k/2 . (k))
(ql/Q+q—l/2)(q(2n+1)k/2+(_1)kq—(2n+1)k/2) n )
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2 ; _
ark) = _k (Hi:()(qk +wqu k)
! [k][2K] ¢k + g3k

(¢" +q7%)?
WaQ(k))a

DY . a1 (k)

where a,, (k) =0if k # 0 mod r for A(i)_l and Df) by definition.

We now state our main results on the realization of vertex operators for the level
one U, (X /)-modules. We only need to determine one component for each vertex
operator based on the previous propositions.

Theorem 4.4. The 1-components of the type I vertex operator fIJ(z)’/\‘V with respect
toV, : V(A) — V() @ V, can be realized explicitly as follows:

@1(2) = eap(32 W g 5k ar() () )eap(Y Mg K ar () ()™

Xe>\1(_q2n+12)8xl+(>\1|)\1—ﬁ)b;;’ fO’I" Aéi)_l,

@1(2) = eap(Y WL gk g)nar (g2

Ky n n —
eap(y) B gt 1y okt
M (g PN TN for D),
k] ants k] _anis _
@1(2) = eap(Y2 W g 5 ar() (—) )eap(Y Mg K ag(h) ()™
X eAl (_q2n+22)(9>\1+(A1|)\1—ﬁ)bl)f’ fO’I" A2n ;
P- _ @ I;k k k @ —%k —(k —k
r(2) = exp(D | =a ™ Par(—k)2 )eap(Yy_ S 2a™  Faz(k)=™F)
Al(_q7z)ah+(,\1m—mb§7 for DS 3)

Ujh@’f’@ b\ is a constant for each case (b‘[i0 = 1) and — is the canonical projection
P— P. i

The 1-component of type I vertex operator @’;V (2) associated with V} is given
by

eap(Z ra™ Par( k)2 )erp(Z g Par(k)z ¥)
xer ( qz)tal=mpl forAgi)_l,Aéi),D(B)

Oi(z) = eap(y WP/ 2(—1) " ap(~2k)2")

exp@ Bl g=k2(—1)Faz(2k)2=2%)
(

x e M qz)a*l Cuda—m)pht for Df_zl,

o7(2)

wo neo_
where by is a constant for each case (b)y =1).

Proof. The theorem is shown by demonstrating that the construction satisfies all
the intertwining relations.

The exponential factors of Heisenberg generators are required by the commu-
tation relations in Proposition 4.3 and the deﬁnition of az(k). The commutation
relation of ®(z) or ®(z)* with ¢; asserts the factor e*1. The various factors involv-
ing Jy, simply assure that the vertex operators commute with X;“( z). For instance
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in the case of the type I vertex operator with respect to V, we have
[@1(2), X (w)]
= O7(2) X (w) : H(z)éjn (q2nz)(A1\A1—ﬁ)(_1)(>\n|>\1—ﬁ)w(aj|aj)/2
J
x ((q2nz _ ’w)[sjl e)\leaj (_1)5jn _ (w _ q2n2)5j1eaje)\l)(anz)B,\lwaaj (_1)8,\n
=0

where : : is the bosonic normal ordering for the Heisenberg generators.
The appearance of (aq|A\1 — &) and b4 is due to our normalization, which is

illustrated in the case V(A1) — V(Ag) ® V, for Agi)_lz

LY (0)]As) P-(0) X7 (0)--- X7 (0)- - X7 (0)1@eM @1+ -

— bi?ekl (_q2n+1)a)\1+()\1‘>\1—>\0).1 ® e—oq . e—an .. e—ale)q ® 1
= [Ao).
|

By the same argument, we get the realization for the vertex operators of type II.
Theorem 4.5. The 1-components of the type II vertex operator (I);/N(Z) with re-
spect to V, : V(A) — V, @ V(u) can be realized explicitly as follows:

k]« (k] sk _

Bi(e) = exp(y_ —atar(—k)2Meap(= Y am T ar(k)z )

Xe—)q(_qz)—axl+(>\1|)\1+ﬁ)bl;7 fOT’ Aéi)_le(Q) DA(LB)

2n >
[k]l k [k]l -3k

= exp(Z—Tq (—1)kn@T(—2k)22k)€$p(—Z 7 ¢ at(2k)z %)
xe M (—qz) Ot ATy for D,(i)_l,

where by is as above. The T-component of type I vertex operator @%(z) associated
with V} is given by

k| —ant1 k| an-s _
03(2) = eap(~ 3 By~ kg (k)2 en(— 30 Wy hag ) (=) )
X TN (g TR for AGY
(]

(=) = eap(— Y (=1)Fq T D bar(—2k) )

< eap(— 30 B aynglanDtag ()=

x e M (g 22 ) "ot for D)
N k| —an—a k 4n—1 —
03(2) = eap(~ 3 W= sy (2 emn(— 30 Wy an ) (2) )
X e~ M (q_znz)_6*1+(’\1"\1+ﬁ)5§, for Agi),
* [k] =g k [k] ey —k
®i(2) = exp(= Y =a7* Far(=k)2Mean(= D S ar(k)z )
> e—A1 (q—f’)z)—(%\l-l-()\1|)\1+ﬁ)l_)l)f7 fO?” D513)’

where l_a‘)f is a constant so that l_)‘)fo =1.
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